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Let f(x) be a separable manic polynomial of degree n over a field .F, and let 
x1 , x2 ,..., x, be the roots of f(x) in some extension field of .F. The quantity 
S(f), defined by 
6 = E (Xi - 4, (1) 
has two important properties: First, it s t‘ fi a IS es a quadratic ,equation with 
coefficients in F, namely, 
S2 - D = 0, 69 
where D is the discriminant off. Second, if the characteristic of F is not 2, 
then 6 is preserved by the even permutations of the roots off(x), but not by 
the add permutations. This is easily seen from the fact that any permutation 
may be written as a product of adjacent transpositions sk ++ xy+r and each 
adjacent transpositi;on changes the sign of 6. 
We now introduce another quantity that has these same two fundamental 
properties when the characteristic of F is 2. We define the quantity P(f) as 
Assuming that F has characteristic 2, it is easily verified that /3 satisfies t-he 
quadratic equation 
P”t-BiC=O, (2’) 
where 
Finally, if we let Q- denote the transposition 7 = 
+=p+ 
xk+l 
Dek + exk+l 
+ xk 
xk + Xk-tl 
(3) 
(k, k -+ I), then 
=13-!-l. 
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Hence, the transposition of any adjacent pair of roots adds 1 to ,8 and from 
this, it follows directly that /3 is invariant under the alternating group, but 
not under the symmetric group. 
According to the fundamental theorem of Galois theory, any quantity 
defined in terms of the roots off(x) lies in a subfield K of the splitting field 
of f(x) i f f  it is invariant under the corresponding subgroup of the Galois 
group. Therefore, the quantity defined by Eq. (1’) plays the same role over 
fields of characteristic 2 as the quantity defined by Eq. (1) plays over fields 
of other characteristics. In particular, G, the Galois group of f(x) over F, is a 
subgroup of the alternating group A, i f f  the appropriate quadratic equation 
L(2) or (0 d P e en m d' g on the characteristic] has roots in F. When the appro- 
priate quadratic is irreducible, then G n A, is the Galois group off(x) over 
the appropriate quadratic extension fields, F(6) or F(P). 
APPLICATION TO RESULTS OF STICKELBERGER AND SWAN 
One of the more useful consequences of Eq. (1’) and (2’) arises from a 
theorem of Stickelberger, which can be stated in terms of the Galois theory 
as follows: 
THEOREM. Let f (x) be a separable polynomial of degree n that has Y irreducible 
factors over F and suppose that the Galois group G is cyclic. Then, G _C A, ;ff 
n - r is even. 
Proof. Since G is cyclic, it has a single generator, CT. Since G is transitive 
on the roots of each irreducible factor off(x), u must have exactly Y sets of 
transitivity. Hence, in S, , g may be written as the product of Y disjoint 
cycles. Each cycle of length K is the product of k - I transpositions, so u 
is the product of n - r transpositions. Q.E.D. 
When F is the real field or a finite field, then every algebraic extension of F 
has a cyclic Galois group, so the previous theorem relates the parity of the 
number of irreducible factors of f(z) to the question of whether or not 
G _C A, . The classic form of Stickelberger’s theorem states that if f(x) is a 
polynomial of degree z that is the product of Y distinct irreducible factors 
over F, and ifF = GF(p”), p odd, then r = n mod 2 i f f  Eq. (2) has roots in F. 
Using Eq. (1’) we obtain the new result that ifF = GF(2m), then r = n mod 2 
i f f  Eq. (2’) has roots in F. 
The well-known necessary and sufficient condition for Eq. (2’) to have 
roots in GF(2”) is that Tr(C) = 0, where Tr(C) = Czil C2’. The necessity 
follows from the fact that if ,8 E GF(2”), then Tr(p2) = Tr(p). Sufficiency 
can be established in various ways, the most elementary being the counting 
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argument, which observes that since Eq. (2’) maps each fl in GF(2”) into a 
corresponding C, the quadratic Eq. (2’) has roots in GF(2m) for exactly half 
of the C E GF(2”), which is the same number of elements that have Tr(C) = 0. 
Hence, the computational problem of determining the parity of the 
number of irreducible factors of a polynomial f(x) over GF(2”) is reduced 
to the problem of expressing C as a rational function of the polynomial’s 
coefficients. To some extent, this problem may be circumvented by the 
following theorem: 
THEOREM. IfD(f) z [q(f)]” - 4,$(f) mod 8, whew D(j) is the diwimunt 
of the polynomial f  (x), and D, -q, and [ aye expressed as polynomials ower the 
rational integers in the coejicients off, then 
tr(C) = TrMf YlXf >I”>. 
An elementary but tedious proof of this theorem appears in Bcrlekamp [l, 
pp. X9-1701. 
In the special case of m = 1, these results express the parity of the number 
of factors of any polynomial over GF(2) in terms of its degree and its dis- 
criminant mod 8. This same result was first established by Swan 231, who 
bypassed Eq. (1’) by instead considering Eq. (1) over the diadic extension of 
the rational fieId. Swan also computed the discriminant of the general 
trinomial equation, xn + axk + b over the rationals, from which he obtained 
the parity of the number of factors of xn + xk + 1 over GF(2) as an explicit 
expression in 7t and k. This result halved the amount of computation required 
to compute the tables of Brillhart and Zieler [4]. 
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